The purpose of this note is to introduce and study a relativistic motion whose acceleration, in proper time, is given by a white noise. We begin with the flat case of special relativity, continue with the case of general relativity, and finally consider more closely the example of the Schwarzschild space.
Introduction
Several authors, mathematicians and physicists as well, have been interested for a long time in studying a stochastic relativistic process.
In the present note, we consider diffusions, that is to say continuous Markov processes.
We start, in Section 2 below, with the flat case of Minkowski space M 1,d ≡ R 1,d , and therefore with the Brownian motion of its unit pseudo-sphere, integrated then to yield the only true relativistic diffusion, according to [D1] . We get then in a simple way its asymptotic behavior, hopefully simplifying the point of view of [D3] .
In Section 3 below, we present an extension of the preceding construction to the framework of general relativity, that is to say of a generic Lorentz manifold. For that, we define first a process at the level of pseudo-orthonormal frames, with Brownian noise only in the vertical directions, and then see that this diffusion projects into on a diffusion on the pseudo-unit tangent bundle. The infinitesimal generator is the sum of the vertical Laplacian with the vector field generating the geodesic flow.
In our last Section 4, we deal in detail with the Schwarzschild space. This is the most classical model for the complement in R 1,3 of some central body, star or black hole ; see for example [DF-C] , [F-N] , or [S] . In this setting, the relativistic diffusion projects on a three-dimensional diffusion. The choice of coordinates is suggested by the integration of the geodesic flow.
We show that almost surely, our diffusion hits the central body, or wanders out to infinity, both events occuring with positive probability ; and that in the second case it goes away in some random asymptotic direction, asymptotically with the velocity of light. From the asymptotic behavior of the hyperbolic Brownian motion, it is easy to see that there exists almost surely some θ ∈ S d−1 such that v j s and ξ j s /ξ 0 s converge towards θ j for 1 ≤ j ≤ d and s → +∞ . So our diffusion process almost surely wanders out to infinity, asymptotically in one direction and with the velocity of light.
A relativistic diffusion in Minkowski space

Extension to General Relativity
Let us start with a given pseudo-Riemannian manifold M , whose metric tensor has signature (1, d) at each point. Let SO 1,d M denote its principal bundle of pseudoorthonormal frames, which has its fibers modelled on the special Lorentz group. Let H 0 , .., H d and {V kl | 0 ≤ k < l ≤ d} denote the canonical horizontal and vertical vector fields on SO 1,d M , and denote by {w
Let π denote the canonical projection from SO 1,d M onto M , and π 1 denote the canonical projection from SO 1,d M onto the unitary tangent bundle T 1 M , which we identify with SO 1,d M SO d . Set ξ s := π(u s ) , and u s = ξ s ; e 0 (s), .., e d (s) .
Let D denotes the covariant differential along the curves : in local coordinates (ξ i , e k j ) ,
The stochastic flow defined by ( * ) commutes with the action of SO d on SO 1,d M , and therefore the projection (ξ s ,ξ s ) = π 1 (u s ) is a diffusion on
, it coincides with the diffusion defined in section 2 above (see Lemma 1 below).
So we got the following general existence result for our relativistic diffusion (ξ s ,ξ s ) . We take M := ξ = (t, r, θ) ∈ R × [R, +∞[×S 2 , where R ∈ R + is a parameter of the central body, endowed with the radial pseudo-metric :
The coordinate t represents the time (multiplied by the velocity of light c ), and r the distance from the origin.
In spherical coordinates θ = (ϕ, ψ) ∈ [0, π]×(R/2πZ), we have |dθ| 2 = dϕ 2 + sin 2 ϕdψ 2 , and the non-vanishing Christoffel symbols are :
The Ricci tensor vanishes, the space M being empty. The limiting case R = 0 is the flat case of special relativity, considered in section 2. There is no other radial pseudo-metric in M which satisfies these constraints.
Lemma 1
The case R = 0 of the Schwarzschild space is actually the case of special relativity studied in Section 2.
Proof Using Theorem 1, we just have to to check that the vertical Laplacian is actually the hyperbolic Laplacian. Now, owing to the triviality of the tangent bundle, this vertical Laplacian is here merely the restriction to the unit pseudo-sphere H 3 of the Laplacian on the Lorentz group, induced by the "boost" transformations, which is indeed the Laplacian of the hyperboloid H 3 . ⋄ If (ξ s ,ξ s ) = π 1 (u s ) is the relativistic diffusion of Section 3, we easily see that r s , T s :=ṙ s , U s := |θ s | is an autonomous diffusion, with lifetime D := min{s > 0 | r s = R} , and infinitesimal generator
Note that the unit pseudo-norm relation writes (1 − R rs
s + 1 . If we set (according for example to ([F-N] , 4.4) in the deterministic case) :
, and the following :
Equivalently, we have the following system of stochastic differential equations :
with quadratic covariation matrix of the local martingale
Corollary 1 The process (r s , b s , T s ) is a diffusion, with lifetime D and infinitesimal generator
We have the following result on the behavior of the coordinate a s .
Lemma 2 There exist a standard real Brownian motion w s , and a real process
So that we have almost surely (as s → ∞ , when D = ∞) :
s ds < ∞ almost surely. For some real Brownian motion w , the process η being defined by the formula in the statement, we have :
and then for any s < D :
which converges almost surely in R as s ր D , since almost surely for all s ∈]0, D[ :
The deterministic case σ = 0 corresponds to the case of the geodesic flow, so we recover that the functionals a and b are constants of motions.
There are five types of timelike geodesics :
-running from R to +∞, or in the opposite direction ; -running from R to R ; -running from +∞ to +∞ ; -running from R to some R 1 or from R 1 to +∞, or idem in the opposite direction ; -bounded geodesics.
In the stochastic case σ = 0 we have the following.
Theorem 2 1) For any initial condition, the radial process (r s ) almost surely reaches R within a finite time D or goes to +∞ as s → +∞ (equivalently as t(s) → +∞).
2) Both events in 1) above occur with positive probability, from any initial condition.
3) Conditionally to the event {D = ∞} of non-reaching the central body, the Schwarzschild diffusion (ξ s ,ξ s ) goes almost surely to infinity in some random asymptotic direction of R 3 , asymptotically with the velocity of light.
In the proof of this theorem, below, we shall use the following very simple lemma.
Lemma 3 Let M · be a continuous local martingale, and A · a process such that
Proof Writing M s = W ( M s ) , for some real Brownian motion W , we find almost surely some ε > 0 and some This delicate proof will be split into six parts.
Let us denote by A the set of paths with infinite lifetime D such that the radius r s remains bounded. We have to show that it is negligible for any initial condition
The cylinder {r = 3R/2} plays a remarquable rôle in Schwarzschild geometry. In particular, it contains light lines. We see in the following first part of proof that we have to deal with this cylinder. 
with some local martingale M having quadratic variation : 
This implies the almost sure convergence of 1 − Since by the unit pseudo-norm relation we have has also to converge, necessarily to 0, since otherwise we would have an infinite limit for T s , which is clearly impossible on A. The value of the limit of b s /a s follows now directly from this and from (i).
(iii) We have almost surely on A : 
where M · is a local martingale having quadratic variation given by :
Note moreover that in this case
is also negligible with respect to
On the other hand, we must have lim inf
Therefore we deduce from Lemma 3 that necessarily M ∞ < ∞ , and then that M s has to converge, almost surely on A . 
Using again that lim inf
has to converge almost surely on A as s → ∞ , necessarily to 0 since it is integrable with respect to s .
On the other hand we have for some real Brownian motion W ′ · , by Itô formula :
Recall from (i) that Indeed, assuming that these 2 integrals are finite, Itô's formula shows that we have for some real Brownian motion W ′′ · : 
with a local martingale M 1 · having quadratic variation :
Note that by Schwarz inequality, (iii) above implies that Using the first assertion of (iv), observe that lim Finally, the integrability of T 2 t b t and the second convergence of (iv) imply the second bound in (v) above :
This concludes the proof of the first assertion in Theorem 2.
2) r s → R and r s → ∞ occur both with positive probability, from any initial condition.
Let us use the support theorem of Stroock and Varadhan (see for example ([I-W], Theorem VI.8.1)) to show that the diffusion (r · , b · , T · ) of Corollary 1 is irreducible. Since we can decompose further the equations given in Property 1 for (r · , b · , T · ) , using a standard Brownian motion (w · , β · , γ · ) ∈ R 3 , as follows :
we see that trajectories moving the coordinate b · without changing the others, and trajectories moving the coordinate T · without changing the others, belong to the support of (r · , b · , T · ) . Moreover we see that there are timelike geodesics, and then trajectories in the support, which link r to r ′ , and then considering the velocities also, which link say (r, b ′′ , T ′′ ) to (r ′ , b ′′ , T ′′′ ) . So, for given (r, b, T ) and (r ′ , b ′ , T ′ ) in the state space, we can, within the support of (r · , b · , T · ) , move (r, b, T ) 
, and finally move (r
This implies that it is enough to show that for large enough r 0 , T 0 , the convergence to ∞ occurs with probability ≥ 1/2 , and that for r 0 close enough from R and T 0 negative enough, the convergence to R occurs with probability ≥ 1/2 as well. Now this can be done by a classical supermartingale argument using the process 1/|T s | , stopped at some hitting time. Indeed we see from Property 1 that
is a local martingale. : r s increases on {0 ≤ s < τ } and then we see that 1/|T s∧τ | is a supermartingale, which implies that
and then that P( lim
Conversely take r 0 ≤ 3R/2 , T 0 ≤ −2 , and τ ′ := inf s > 0 T s = − √ 2 : r s decreases on {0 ≤ s < τ ′ } and then we see that 1/|T s∧τ ′ | is a supermartingale, which implies that
This concludes the proof of the second assertion in Theorem 2.
3) Existence of an asymptotic direction for the Schwarzschild diffusion, on {D = ∞} .
We want to generalize the observation made in Section 2 for R = 0. Recall from Lemma 2 that it does not matter for this asymptotic behavior whether we consider the trajectories as function of s or of t(s) (id est as viewed from a fixed point).
We shall use Section 2 and Lemma 1, to proceed by comparison between the flat Minkowski case R = 0 and the Schwarzschild case R > 0.
Let us split this proof into four parts.
We know from 1) above that r s → ∞ almost surely on {D = ∞} .
The very beginning of this proof remains valid : Using (1,i) again, we have almost surely (ii) The perturbation of the Christoffel symbols due to R is O(r −2 ) .
Recall from the beginning of Section 4 the values of the Christoffel symbols Γ i jk . Denote byΓ i jk the difference between these symbols and their analogues for R = 0, which is a tensor, has only five non-vanishing components in spherical coordinates, and then is easily computed in Euclidian coordinates (x 1 = r sin ϕ cos ψ ; x 2 = r sin ϕ sin ψ ; x 3 = r cos ϕ) : we findΓ We have
so that, using (ii) above and |T s | ≤ a s :
we can conclude by using (i) above, that the Schwarzschild stochastic parallel transport (like its inverse ← − ξ (s)) admits a finite limit as s → ∞ , almost surely on {D = ∞}. Observe that, for any s ≥ 0 , η s ,ẽ 1 (s),ẽ 2 (s),ẽ 3 (s) constitutes a pseudo-orthonormal basis of the fixed unit pseudo-sphere T 1 ξ 0 M . Hence we find that the velocity process η · defines a hyperbolic Brownian motion on this unit pseudo-sphere T 1 ξ 0 M . Now, according to Lemma 1 and Section 2, we know that η s /a s converges almost surely as s → ∞ towards (1, 1,θ ∞ ) (in coordinates (t, r, θ)), for some randomθ ∞ ∈ S 2 , exponentially fast.
Using (iii) above, we deduce thatξ s /a s , converges almost surely as s → ∞ towards (1, 1,θ ∞ ) , for some randomθ ∞ ∈ S 2 . This means also that the Schwarzschild diffusion seen from a fixed point, that is to say the implicit trajectory Z · := (t s → (r s , θ s )) , sees almost surely its velocity dZ t /dt converging towards (1,θ ∞ ) , 1 being here the velocity of light.
Moreover, this shows a posteriori that T s goes to +∞ and that r s ∼ a s as s → ∞ , and then that the convergences in (i) and in (iii) above occur exponentially fast, so that it must be the same for the convergences ofξ s /a s and dZ t /dt . This allows to integrate, to get finally the generalization of Section 2 to the Schwarzschild diffusion.
This ends the whole proof of Theorem 2. ⋄
